In this note, we consider transitive permutation groups of degree 2p, where p is an odd prime, that admit blocks of imprimitivity of size 2 but no blocks of imprimitivity of size p.
Primitive permutation groups of degree twice a prime were first considered by Wielandt [6] , while more recently, imprimitive permutation groups of degree twice a prime were studied by Lefèvre [2] , Marušič [3] , and Marušič and Potočnik [4] . In this note we present a new result on imprimitive permutation groups of degree twice a prime that serves as a crucial tool in the classification of homogeneously almost self-complementary graphs of order four times a prime in [5] . Proof. Since the size of every P -orbit is a power of p and the size of a smallest P -orbit is p by [6, Theorem 3.4'], the group P has indeed exactly two orbits on V , each of size p. Now, let B be a G-invariant partition of V into blocks of size 2 and f : G → G B the natural group epimorphism with kernel K. Since the order of K is a power of 2, the intersection K ∩ P is trivial and P ∼ = f (P ) ∼ = P B . In particular, P is isomorphic to a p-subgroup of the symmetric group Sym(p) and is therefore of order p. Choose a generator ρ of P and a point v ∈ V . Let v denote the unique point in V such that B = {v, v } ∈ B, and for all
We shall first prove the following statement:
If G B is non-solvable, then it is 2-transitive, and for every B ∈ B and u ∈ B the stabilizer G u acts transitively on the set V \ B. In particular, for any B, B ∈ B there exists a permutation in G fixing B pointwise and B setwise but not pointwise.
Assume therefore that G B is non-solvable. Then it is 2-transitive by a well-known theorem of Burnside (see for example [1, Corollary 3 .5B]). Clearly, the set B = {(w, w ) | {w, w } ∈ B} is a self-paired G-orbital on V (that is, an orbit of the natural action of G on V [2] with (w, w ) ∈ B if and only if (w , w) ∈ B). We shall first prove that there exists at least one more self-paired G-orbital on V .
Suppose, on the contrary, that all other G-orbitals are non-self-paired. Therefore, since every orbital containing both (w, w ) and (w , w) is necessarily self-paired, every orbit of size 2 of every permutation in G has to be an element of B. Since G B is 2-transitive, there exists α ∈ G swapping two blocks B i , B j ∈ B. Moreover, by taking an appropriate odd power of α, we may assume that the order of α is a power of 2. Since |B| is odd, α fixes setwise at least one block B ∈ B. Since α has no orbits of size 2 on B i ∪ B j , its square α 2 fixes each of B i and B j setwise but neither of them pointwise, while fixing B pointwise. Since G B is 2-transitive, there exists an element β ∈ G swapping B and B j . However, observe that either β or α 2 β has two orbits of size 2 between B and B j , contradicting the assumption that there are no self-paired G-orbitals on V other than B. Now, let ∆ be a self-paired G-orbital distinct from B, and let X = DiGr(V, ∆) be the corresponding orbital digraph of G. Since ∆ is self-paired, X is in fact a graph. To show that G u acts transitively on V \ B for any B ∈ B and u ∈ B, it suffices to prove that ∆ = {(u, v) | u, v ∈ V, u = v} \ B, or equivalently, that X is isomorphic to the lexicographic product K p K 2 c . To this end, consider the sets ∆ i,j of ordered pairs (u, v) ∈ ∆ such that Since G B is 2-transitive, all these graphs are isomorphic to the same bipartite graph B. Moreover, since G acts transitively on the arcs of X, the graph B is arc-transitive and thus isomorphic to one of the graphs L, M, and C (see Figure 1 ). Let τ be the permutation on V preserving each block in B setwise but not pointwise. This permutation clearly commutes with every permutation on V preserving the partition B. In particular, it centralizes the group G, and therefore ∆ τ is also a G-orbital (note that .5B], and so its preimage f −1 (P B ) = P, K is normal in G. Since K is normal in G and hence normalized by P , which is of order p, the group P, K is cyclic of order p or 2p. In either case, P is characteristic in P, K and therefore normal in G. Consequently, the P -orbits on V form a G-invariant partition of V , contradicting the assumption of the lemma. Hence G B is non-solvable and Claim (i) follows directly from (A).
We may therefore assume that |K| > 2. Since K is an elementary abelian 2-group, we have that |K| ≥ 4. Let us first prove that for any two blocks in B there exists an element in K acting trivially on any one of them and non-trivially on the other. If this is not the case, then there exist two blocks B, B ∈ B such that every element of K fixing B pointwise also fixes B pointwise. Hence the pointwise stabilizers K (B) and K (B ) are the same. Let
ρ s , and since ρ s generates P , we can see that K (B) is normalized by P . Since, on the other hand, P acts transitively by conjugation on {K (B ) |B ∈ B}, it follows that K (B ) = K (B) for every B ∈ B, and hence |K| = 2, which contradicts our assumption. Therefore, for any two blocks in B there exists a permutation in K fixing the first block pointwise and the second setwise but not pointwise. Now, if p = 3, then either |K| = 4 and we have Claim (a), or |K| = 8 and we have Claim (b). We may therefore assume that p ≥ 5. Let B, B ∈ B be arbitrary two blocks. As we have seen in the previous paragraph, there exist ϕ, ψ ∈ K such that ϕ| B and ψ| B are trivial permutations while ϕ| B and ψ| B are non-trivial. The product ϑ = ϕψ then acts non-trivially on both B and B . If ϑ acts non-trivially on any other block B ∈ B \ {B, B }, then the statement of the lemma holds. So we may assume that ϑ is trivial on all blocks in B \ {B, B }. Let τ = ϑϑ ρ 2 if B = B ρ , let τ = ϑϑ ρ −2 if B = B ρ −1 , and let τ = ϑϑ ρ otherwise. It is now easy to see that τ acts non-trivially on B, B , and at least two other blocks in B. This completes the proof of Claim (ii).
